






 TR/71 APRIL 1977 
THE  BERGMAN  KERNEL  METHOD  FOR  THE 
NUMERICAL  CONFORMAL  MAPPING  OF 
SIMPLY  CONNECTED  DOMAINS 
by 



































































A numerical method for the conformal mapping of simply-connected 
domains  on to  the  un i t  d i sc  i s  cons ide red .  The  method  i s  based  
on the use of the Bergman kernel function of the domain.  It  is 
shown tha t ,  fo r  a  success fu l  appl ica t ion ,  the  bas i s  o f  the  se r ies  
representat ion of  the  kernel  must  include terms that  ref lect  the  





 Let Ω  be a bounded simply-connected domain with boundary  in Ω∂
the complex z-plane (z=x+iy) and let t  be a fixed point in Ω .  
Consider  the Bergman kernel  funct ion K(z; t )  of  Ω .  This  funct ion 
is completely characterized by its reproducing property 
 ),(2L)z(g)),t;z(K),z(g(dxdy)z(g)t;z(K)t(g Ω∈=Ω= ∫∫   (1.1) 
where  is the Hilbert space of all  square integrable analytic )(L2 Ω
functions in Ω  and  denotes the inner product ))z(g),z(g( 21
 ,dxdy)z(2g)z(1g))z(g),z(g( 21 Ω= ∫∫    (1.2) 
of . )(L2 Ω
It is well-known that: 
( i )   I f   i s  any  o r thonormal  bas i s  o f   then  ∞=φ 1jj )}z({ )(L2 Ω
K(z;t) has the infinite series expansion 





= ∑      (1.3) 
which,  for  f ixed t ,  converges  uniformly and absolutely in  any 
closed domain which is entirely within Ω ;  Nehari (1952;p.250). 
 (ii)  If 
 w = f(z) ,       (1.4) 
is the mapping function which maps Ω  conformally onto the 
unit  disc ,1w <  in such a way that 















G i v e n  a  c o m p l e t e  s e t  o f  f u n c t i o n s  ,  t h e  )(Lof)}z(v{ 21jj Ω∞=
r e s u l t s  ( i )  a n d  ( i i )  s u g g e s t  t h e  f o l l o w i n g  p r o c e d u r e  f o r  o b t a i n i n g  
a  numer ica l  approximat ion  to  the  mapping  func t ion  f (z ) .  The  se t  
N
1j)}z(jv{ = is  orthonormalized by means of the Gram-Schmidt process,  
t o  g i v e  t h e  s e t  o f  o r t h o n o r ma l  f u n c t i o n s  .  T h e  s e r i e s  ( 1 . 3 )  N 1j)}z(j{ =φ





= ∑      (1.7) 
to  K(z ; t )  and  f ina l ly  equat ion  (1 .6)  i s  used  to  g ive  the  












⎧ π=     (1.8) 
t o  t he  mapp ing  func t i on  f ( z ) .   We  s ha l l  r e f e r  t o  t h i s  me thod  
of numerical conformal mapping as the Bergman kernel method (BKM) 
wi th  ba s i s  {v j ( z ) } .  
The major  shortcoming of  the BKM is  that  the Gram-Schmidt    
p rocess  i s  usua l ly  numer ica l ly  uns tab le ;  see  Davis  and  Rabinowi tz  
( 1 9 6 1 ; p . 6 1 ) .  T h u s ,  i n  p r a c t i c e ,  o n l y  a  l i m i t e d  n u m b e r  o f  
o r thonormal  func t ions  can  be  computed  accura te ly  and ,  fo r  )z(jφ
th i s  r eason ,  the  success  o f  the  method  depends  s t rong ly  on  the  
speed  wi th  which  the  ser ies  (1 .3)  converges .   S ince  the  convergence  
o f  ( 1 . 3 )  d e p e n d s  o n  t h e  o r t h o n o r m a l  b a s i s  u s e d ,  i t  f o l l o w s  t h a t  
the  cho ice  o f  an  appropr ia te  bas i s  i s  o f  pa ramount  p rac t i ca l  
impor tance .  
The  use  o f  the  BKM wi th  the  comple te  se t  ∞=0j}jz{  as  bas ic  
has  been considered by Burbea (1970) .  Unfortunately the convergence 
o f  t h e  s e r i e s  
   ,)t(jp)z(jp1j
)t;z(K ∑∞==               (1.9) 
where  the  p j ( z )  a re  t he  po lynomia l s  ob ta ined  by  o r thonormal -
i z ing  t he  powers   i s  o f t en  ex t remely  s low.  Th is  i s  ,....,z,z,1 2
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d u e  t o  t h e  p r e s e n c e  o f  s i n g u l a r i t i e s  o f  K ( z ; t ) ,  i n  t h e  c o m p l e m e n t  
o f  ,  wh i ch  can  a f f ec t  s e r i ous ly  t he  r a t e  o f  conve rgence  o f  t he  Ω
s e r i e s  ( 1 . 9 ) .  F o r  t h i s  r e a s o n  t h e  u s e  o f  t h e  s e t   a s  a  ∞= 0j}jz{
b a s i s  f o r  t h e  B K M  d o e s  n o t  l e a d  t o  a  p r a c t i c a l  m e t h o d  f o r  t h e  
n u m e r i c a l  m a p p i n g  o f  Ω  o n t o  t h e  u n i t  d i s c .  
I n  t h e  p r e s e n t  p a p e r  w e  c o n s i d e r  u s i n g  t h e  s e t   a u g m e n t e d  }z{ j
b y  t h e  i n t r o d u c t i o n  o f  a p p r o p r i a t e  s i n g u l a r  f u n c t i o n s ,  a s  a  b a s i s  
fo r  the  BKM.   In  sec t ion  2 ,  we  show tha t ,  in  many  cases ,  cons iderab le  
i n f o r m a t i o n  a b o u t  t h e  s i n g u l a r i t i e s  o f  ( z ; t )  i s  a v a i l a b l e .  W e  u s e  
th i s informat ion to cons t ruc t  an  augmented  bas is ,  and  a  cor responding  
n o n - p o l y n o m i a l  o r t h o n o r m a l  s e t )}z({ jφ ,  f o r  w h i c h  t h e  s e r i e s  ( 1 . 3 )  
c o n v e r g e s  r a p i d l y .  I n  s e c t i o n  3 ,  w e  p r e s e n t  n u m e r i c a l  r e s u l t s  w h i c h  
i n d i c a t e  c l e a r l y  t h a t ,  i f  s u c h  a n  a u g m e n t e d  b a s i s  i s  u s e d ,  t h e  B K M  
i s  a n  e x t r e m e l y  e f f i c i e n t  m e t h o d  f o r  t h e  n u m e r i c a l  m a p p i n g  o f  
s i m p l y - c o n n e c t e d  d o m a i n s .  
2 .  S ingu l a r i t i e s  o f  K(z ; t )  -  Cho i ce  o f  Bas i s  f o r  t he  BKM.  
In  t h i s  s ec t i on  we  cons ide r  two  t ype s  o f  s i ngu l a r i t i e s  o f  t he  
Bergman kerne l  func t ion  K(z ; t )  on  the  complement  of  Ω ,  which  af fec t  
t h e  r a t e  o f  c o n v e r g e n c e  o f  t h e  p o l y n o m i a l  s e r i e s  i n  ( 1 . 9 ) .   T h e s e  
a r e  e i t h e r  p o l e s  o f  K ( z ; t )  w h i c h  l i e  c l o s e  t o  t h e  b o u n d a r y  ∂Ω  o r  
b r anch  po in t  s i ngu l a r i t i e s  on  t he  bounda ry  i t s e l f .  We  de s c r i be  how 
a v a i l a b l e  i n f o r ma t i o n  a b o u t  t h e s e  s i n g u l a r i t i e s  c a n  b e  u s e d  t o  
a p p r o p r i a t e l y  a u g me n t  t h e  b a s i s  s e t   o f  t he  BKM,  by  i n t roduc ing  }z{ j
f unc t i ons  wh ich  r e f l e c t  t he  ma in  s i ngu l a r  be ha v iou r  o f  K(z ; t ) .  
( i )  P o l e s . T o  i l l u s t r a t e  t h e  d a m a g i n g  i n f l u e n c e  t h a t  t h e  
po l e s  o f  K(z ; t )  c an  have  upon  t he  r a t e  o f  conve rgence  o f  t he  
r e p r e s e n t a t i o n  ( 1 . 9 ) ,  w e  c o n s i d e r  t h e  t r i v i a l  c a s e  o f  t h e  m a p p i n g  
o f  t h e  u n i t  d i s c  o n t o  i t s e l f .   T h e  f u n c t i o n  w h i c h  e f f e c t s  t h i s  oΩ
m a p p i n g  s o  t h a t  t h e  p o i n t  t  ∈  oΩ i s  m a p p e d  o n t o  t h e  o r i g i n  o f  t h e  
w - p l a n e  i s  
 .)t/1z/()tz()z(f −−=  
Thus ,  bo th  f ( z )  and  t he  co r r e spond ing  Be rgma n  ke rne l  f unc t i on  








f o r m a  c o mpl e t e  o r t h o n o r ma l  s e t  i n  oΩ  i t  f o l l o w s  t h a t ,  i n  t h i s  c a s e ,  
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= ∑       (2.1) 
The  s e r i e s  ( 2 . 1 )  c o n v e r g e s  r a p i d l y  w h e n  | t |  i s  s ma l l ,  b u t  t h e  
r a t e  o f  c o n v e r g e n c e  s l o w s  d o w n  c o n s i d e r a b l y  a s  .1t →  I n  
o t h e r  w o r d s ,  t h e  c o n v e r g e n c e  o f  ( 2 . 1 )  i s  s l o w  w h e n  t h e  p o l e   
 i s  n e a r  t h e  b o u n d a r y  o f  oΩ .  t/1z =
 I n  g e n e r a l ,  t h e  d a ma g i n g  i n f l u e n c e  t h a t  t h e  p o l e s  o f  
K ( z ; t )  h a v e  u p o n  t h e  n u me r i c a l  p r o c e s s  c a n  b e  r e mo v e d  b y  
i n t r o d u c i n g  a p p r o p r i a t e  r a t i o n a l  f u n c t i o n s  i n t o  t h e  b a s i s  s e t   
}z{ j . I n  o r d e r  t o  m o t i v a t e  a  p r o c e d u r e  f o r  d e t e r m i n i n g  s u c h  
an augmented basis ,  we consider  the mapping of  the rectangular  








⎧ <<=Ω  
o n t o  . T h e  ma p p i n g  f u n c t i o n  i s ,  i n  t h i s  c a s e ,  k n o w n  i n  t e r ms  oΩ
o f  e l l i p t i c  f u n c t i o n s .  H o w e v e r ,  i t  i s  m o r e  i n s t r u c t i v e ,  f o r  o u r  
purpose,  to  determine the poles  of  the corresponding Bergman 
k e r n e l  f u n c t i o n  b y  c o n s i d e r i n g  t h e  s i n g u l a r i t i e s  o f  t h e  G r e e n ' s  
f u n c t i o n  o f   F o r  t h i s  w e  n o t e  t h a t ,  i n  t h e  g e n e r a l  c a s e ,  .abΩ
t h e  ma p p i n g  f u n c t i o n  f ( z )  i n  ( 1 . 4 )  i s  c o n n e c t e d  t o  t h e  G r e e n ' s  
func t ion  G(x ,y ; t )  o f  Ω  by  
  ,))}y,x(i)t;y,x(G(2exp{)z(f +π−=     (2.2) 
w h e r e  H ( x , y )  i s  t h e  c o n j u g a t e  h a r m o n i c  o f  G ( x , y ; t ) .  U s i n g  t h e  
me t h o d  o f  i ma g e s  i t  i s  p o s s i b l e  t o  e x p r e s s  t h e  G r e e n ' s  f u n c t i o n  
o f  ,  b y  a n  i n f i n i t e  d o u b l e  s u m o f  l o g a r i t h mi c  f u n c t i o n s .  abΩ









= ∑  
w h e r e  ;nbimamnz +=  s e e  f i g . 2 . 1 .   S i n c e  t h e  c o n j u g a t e  




tha t  the  mapping  func t ion  f (z )  which  maps  abΩ  on to  oΩ so  tha t  
























T h u s ,  b o t h  f ( z )  a n d  t h e  c o r r e s p o n d i n g  k e r n e l  f u n c t i o n  K ( z ; 0 )  
h a v e  p o l e s  a t  a l l  t h e  " n e g a t i v e "  i m a g e s  o f  t h e  p o i n t  t  =  0 ,  w i t h  
r e s p e c t  t o  t h e  f o u r  s i d e s  o f  abΩ ( i . e .  a t  a l l  t h e  p o i n t s  l a b e l e d  
w i t h  t h e  -  v e  s i g n  i n  f i g .  2 . 1 ) .  T h e  p o l e s  w h i c h  h a v e  t h e  m o s t  
d a m a g i n g  e f f e c t  o n  t h e  c o n v e r g e n c e  o f  t h e  r e p r e s e n t a t i o n  ( 1 . 9 )  
a r e  t h o s e  a t  ± a  a n d  ± i b .  T h e s e  f o u r  p o l e s  b o u n d  t h e  r e g i o n  o f  
c o n v e r g e n c e  o f  a n y  p o l y n o m i a l  s e r i e s  e x p a n s i o n  o f  f ( z )  a n d  a f f e c t  
t h e  c o n v e r g e n c e  o f  ( 1 . 9 )  e v e n  w h e n  abΩ i s  a  s q u a r e .  H o w e v e r ,  
the i r  in f luence  i s  much  more  damaging  when  abΩ i s  a  th in  rec tang le .
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This  occurs  because  when b  <<  a  the  d is tance  of  the  po les  ±  ib  
f rom ,  i s  smal l  re la t ive  to  the  d imens ions  of  a abΩ .  Ω∂ b
We note ,  f rom (2 .3) ,  tha t  f (z )  can  be  wr i t ten  as  
   ,)z(g
)bz)(az(
z)z(f 2222 +−  








⎧ <+  


































−   (2.4)  
where  the  pr ime denotes  d i f fe ren t ia t ion  wi th  respec t  to  z ,  
cons t i tu tes  a  more  appropr ia te  bas i s  for  the  BKM than  the  se t  
{ }∞ =0kkz .  The  choice  of  the  se t  (2 .4)  as  the  bas i s  for  the  BKM 
is  jus t i f ied  comple te ly  by  the  numer ica l  resu l t s  o f  example  1 ,  
sec t ion  3 .  
I n  t h e  g e n e r a l  c a s e ,  l e t  t h e  m a p p i n g  f u n c t i o n  f ( z )  i n  
(1 .4) have a pole at  z=p.   Then,  in  order  to  remove the inf luence 
o f  th i s  po le  f rom the  numer ica l  p rocess  we  augment  the  bas i s  
s e t   b y  i n t r o d u c i n g  t h e  f u n c t i o n  { ( z - t ) / ( z - p ) } ' .  A s  ,...,z,z,1 2
in  the  case  of  the  rec tangle ,  we  cons t ruc t  the  bas i s  in  th i s  way 
by  cons ider ing  only  the  poles  of  f (z )  tha t  l i e  c lose  to  the  
boundary  Thus, our procedure for determining a basis requires Ω∂
knowledge  of  the  dominant  po les  of  f (z )  or  equiva len t ly ,  by  
equat ion  (2 .2) ,  knowledge  of  the  dominant  s ingular i t i es  of  the  
Green 's  func t ion  G(x ,y ; t )  o f  Ω ,  in  the  complement  of  Ω∂Ωu .  
For  po lygonal  domains  these  s ingular i t i es  can  be  de te rmined  by  
the method of images.  The method of images can also be used for 
some other domains whose boundaries are composed of straight line 
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s e g me n t s  a n d  c i r c u l a r  a r c s .  F o r  d o ma i n s  i n v o l v i n g  mor e  g e n e r a l  
c u r v e d  b o u n d a r i e s  n o  s t a n d a r d  t e c h n i q u e  f o r  d e t e r mi n i n g  t h e  
d o mi n a n t  s i n g u l a r i t i e s  o f  G ( x , y ; t ) ,  a n d  h e n c e  t h e  c o r r e s p o n d i n g  
p o l e s  o f  f ( z ) ,  i s  a v a i l a b l e .   H o w e v e r ,  i f  a  g o o d  a p p r o x i m a t i o n  p~   
t o  t h e  p o l e  o f  f ( z )  a t  z  = p  c a n  b e  o b t a i n e d ,  b y  s o m e  m e t h o d ,  t h e n  
t h e  i n t r o d u c t i o n  o f  t h e  f u n c t i o n  )}'p~z/()tz{( −−  i n t o  t h e  b a s i s  s e t   
i s  s u f f i c i e n t  t o  r e m o v e  t h e  i n f l u e n c e  o f  t h e  p o l e  f r o m  t h e  
n u me r i c a l  p r o c e s s ;  s e e  e x a mp l e  5 ,  s e c t i o n  3 .  
( i i )  B r a n c h  p o i n t  s i n g u l a r i t i e s .  L e t  t h e  s i mp l y - c o n n e c t e d  
d o ma i n  Ω  b e  p a r t l y  b o u n d e d  b y  t w o  a n a l y t i c  a r c s  1Γ  and   wh ich  2Γ
me e t  a t  t h e  p o i n t  z o  a n d  f o r m t h e r e  a  c o r n e r  o f  i n t e r i o r  a n g l e  ,  απ
w h e r e   i s  a  f r a c t i o n  r e d u c e d  t o  l o w e s t  t e r ms .  A s s u me ,  0q/p >=α
w i t h o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  i n  ( 1 . 5 )  Ω∈= 0t  a n d  c o n s i d e r  t h e  
a s y mp t o t i c  b e h a v i o u r ,  i n  t h e  ne ighbou rhood o f  z o ,  o f  t he  ma pp ing  
f u n c t i o n  f ( z )  i n  ( 1 . 4 ) .  
F o r  s i mp l i c i t y  w e  c o n s i d e r  f i r s t  t h e  c a s e  w h e r e  Ω  i s  a  
p o l y g o n a l  d o ma i n .  T h e n ,  t h e  S c h w a r z - C h r i s t o f f e l  f o r mu l a  s h o w s  







=− ∑     
o r ,  s i n c e  f ( 0 )  = 0 ,  





= ∑    ( 2 . 5 )  
 
s ee  e . g .  Co p so n  (1 9 7 5 ;p .7 0 ) .  Thus ,  f o r  q/1≠α ,  t h e  a s y mp t o t i c  
e x p a n s i o n  o f  f ( z )  i n v o l v e s  f r a c t i o n a l  p o w e r s  o f  ( z - z o ) .  T h a t  i s  
u n l e s s  α  i s  a n  i n t e g e r ,  b o t h  f ( z )  a n d  t h e  c o r r e s p o n d i n g  k e r n e l  /1
func t i o n h a v e  a  b r a n c h  p o i n t  s i n g u l a r i t y  a t  z o  wh i ch  a lways a f f ec t s  
t h e  r a t e  o f c o n v e r g e n c e  o f  ( 1 . 9 ) ,  p a r t i c u l a r l y  i n  t h e  n e i g h b o u r h o o d   
o f  z o  T h i s  s i n g u l a r i t y  b e c o me s mor e p r o n o u n c e d  a s  t h e  a n g l e  α  π
i n c r e a s e s  a n d  i f  .  i f  t h e  c o r n e r  i s  r e - e n t r a n t ,  i t s e.i,1>α
e f f e c t  u p o n  t h e  a c c u r a c y  o f  t h e  n u m e r i c a l  p r o c e s s  i s  c a t a s t r o p h i c ;  
s e e  e x a mp l e s  3 ,  4  a n d  7 ,  s e c t i o n  3 .  
A s  i n  t h e  c a s e  o f  a  p o l e ,  w e  e x p e c t  t h a t  t h e  u s e  o f  a  b a s i s  
w i t h  t e r ms  t h a t  r e f l e c t  t h e  ma i n  s i n g u l a r  b e h a v i o u r  o f  t h e
8  
 
B e r g ma n  k e r n e l  f u n c t i o n ,  i n  t h e  n e i g h b o u r h o o d  o f  z o ,  w i l l  r e mo v e  
t h e  d a m a g i n g  i n f l u e n c e  o f  a  b r a n c h  p o i n t  s i n g u l a r i t y  a t  z o .  T h u s ,  
w e  a u g m e n t  t h e  b a s i s  s e t  1 ,  z ,  , … ,  b y  i n t r o d u c i n g  t h e  f u n c t i o n s  2z
 1/k)ozz(
−α−  ,      ( 2 . 6 )  
c o r r e s p o n d i n g  t o  t h e  f i r s t  f e w  s i n g u l a r  t e r ms  o f  ( 2 . 5 ) .  
T h e  c h o i c e  o f  s u c h  a n  a u g me n t e d  s e t  a s  a  b a s i s  f o r  t h e  B K M  i s  
c o m p l e t e l y  j u s t i f i e d  b y  t h e  n u m e r i c a l  r e s u l t s  o f  e x a m p l e s  2 , 3 , 4  
and  7 .  
I f  Ω  i s  a  n o n - p o l y g o n a l  d o m a i n  t h e n  t h e  a s y m p t o t i c  
expans ion  of  f (z )  can  be  deduced  f rom the  resu l t s  of  Lehman (1957) .  
T h e s e  r e s u l t s ,  w h i c h  i n c l u d e  ( 2 . 5 )  a s  a  s p e c i a l  c a s e ,  s h o w  t h a t  




/1)ozz()oz(f)z(f −−α−−α−=−  ( 2 . 7 )  
whe re  M  i s  a  t r i p l e  p o w e r  s e r i e s  i n  i t s  a r g u me n t s .  The  
expans ion  (2 .7 )  d i f f e r s  f r om (2 . 5 )  i n  t ha t  apa r t  f r om pow er s  o f  
( z - z o )  i t  a l s o  i n v o l v e s  l o g a r i t h mi c  t e r ms  o f  t h e  f o r m 
        ( 2 . 8 )  ;m)}ozz{log()ozz( −β−
where  m i s  a n  i n t e g e r .  T h u s ,  f o r  a  n o n - p o l y g o n a l  d o ma i n ,  w e  
canno t  c onc lude  t h a t  t h e r e  i s  n o  s i n g u l a r i t y  a t  z o ,  even  when  
q/1=α .  T h e  r e a s o n  f o r  t h i s  i s  t h a t  l o g a r i t h m i c  t e r m s  m a y  b e  
p r e s e n t  i n  ( 2 . 7 ) .  F o r  a n y  v a l u e  o f  α  t h e  d o mi n a n t  s i n g u l a r  
f u n c t i o n s  r e q u i r e d  f o r  t h e  a u g me n t a t i o n  o f  t h e  b a s i s  c a n  b e  
d e t e r mi n e d  f r o m ( 2 . 7 ) .  
T w o  d i f f i c u l t i e s  a r i s e  i f  f u n c t i o n s  o f  t h e  fo r m ( 2 . 6 ) ,  
( 2 . 8 )  a r e  i n c l u d e d  i n  t h e  b a s i s .  T h e  f i r s t  c o n c e r n s  t h e  n u m b e r  
of  s ingular func t ions  tha t  should  be inc luded .  Our  exper iments  
s h o w  t h a t ,  a f t e r  a  c e r t a i n  v a l u e ,  a  f u r t h e r  i n c r e a s e  i n  t h e  
number of singular functions improves the accuracy of the mapping 
i n  t he  ne ighbou rhood  o f  t he  co rne r  bu t  de s t roys  some  o f  t he  
a c c u r a c y  e l s e w h e r e  i n  t h e  d o ma i n .  O u r  c r i t e r i o n  f o r  c h o o s i n g  
t h e  " o p t i mu m"  n u mb e r  i s  b a s e d  o n  i n t u i t i v e  a r g u me n t s  a n d ,  
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u n f o r t u n a t e l y ,  w e  c a n n o t  s t a t e  a  g e n e r a l  r u l e .  T h e  s e c o n d  
d i f f i c u l t y  c o n c e r n s  t h e  c o m p u t a t i o n  o f  t h e  i n n e r  p r o d u c t s  
r e q u i r e d  f o r  t h e  G r a m- S c h mi d t  p r o c e s s .  T h i s  h o w e v e r  d o e s  n o t  
p r e s e n t  s e r i o u s  p r o b l e m s  a n d  i t  c a n  o f t e n  b e  o v e r c o m e  b y  a  
v e r y  s i mp l e  t e c h n i q u e ;  s e e  t h e  r e ma r k s  i n  s e c t i o n  3 .  
3 . N u me r i c a l  E x a mp l e s
I n  a l l  t h e  e x a mp l e s  c o n s i d e r e d  i n  t h i s  s e c t i o n  t h e  a u g me n t e d  
b a s i s  i s  f o r m e d  b y  i n t r o d u c i n g  i n t o  t h e  s e t   a p p r o p r i a t e  }z{ j
s i n g u l a r  f u n c t i o n s ,  a s  d e s c r i b e d  i n  s e c t i o n  2 .  
T h e  o r t h o n o r ma l i z a t i o n  o f  t h e  b a s i s  s e t  ,  by  means  N 1j)}z(jv{ =
o f  t h e  G r a m - S c h m i d t  p r o c e s s ,  r e q u i r e s  t h e  e v a l u a t i o n  o f  t h e  
i n n e r  p r o d u c t s  
    .N....,2,1n,m,dxdy)z(nv)z(mvnv),z(mv( )z( =Ω∫∫=  
Us ing  Green ' s  formula  the  inner  products  a re  expressed  in  the  form 
    ),z(nv)z(n'V;dz)z(nv)z(vi2
1))z(nv),z(mv( m =Ω∂= ∫   ( 3 . 1 )  
a n d ,  a s  i n  B u r b e a  ( 1 9 7 0 ) ,  t h e  i n t e g r a l s  i n  ( 3 . 1 )  a r e  c o mp u t e d  
b y  G a u s s i a n  q u a d r a t u r e .   I f ,  d u e  t o  t h e  p r e s e n c e  o f  a  c o r n e r ,  
t h e  b a s i s  s e t  c o n t a i n s  f u n c t i o n s  o f  t h e  f o r m  ( 2 . 6 )  o r  ( 2 . 8 )  
then  the  Gauss-Legendre  quadra ture  formula  may fa i l  to  produce  
suf f ic ien t ly  accura te  approximat ions  to  the  inner  products  which  
i n v o l v e  t h e s e  s i n g u l a r  f u n c t i o n s .   I t  i s  t h e n  n e c e s s a r y  t o  u s e  
s p e c i a l  t e c h n i q u e s  i n  o r d e r  t o  i mp r o v e  t h e  a c c u r a c y  o f  t h e  
quadra ture .  These  techniques  depend on  the  geometry  of   and ,  Ω∂
f o r  t h i s  r e a s o n ,  i t  i s  n o t  p o s s i b l e  t o  d e s c r i b e  a  p r o c e d u r e  f o r  
a  g e n e r a l  .  I f  h o w e v e r ,  a s  i s  f r e q u e n t l y  t h e  c a s e ,  t h e  a r ms  Ω∂
21 , ΓΓ  o f  t he  c o rne r  z o  u n d e r  c o n s i d e r a t i o n  a r e  b o t h  s t r a i g h t  
l ine  segments  then  the  s ingular i t i es  of  the  in tegrands  can  a lways  
be removed by choosing an appropriate  parametr ic  representat ion 
f o r  3 f t .   A s s u me ,  f o r  e x a mp l e ,  t h a t  t h e  i n t e r i o r  a n g l e  o f  t h e  
c o r n e r  a t  z o  i s   a n d ,  a s  a  r e s u l t ,  t h e  a u g me n t e d  b a s i s  1p,q/p ≠π
i n v o l v e s  t e r ms  o f  t h e  f o r m p/)pkq()ozz(
−−  T h e n ,  i n  o r d e r  t o  
r e mo v e  t h e  s i n g u l a r i t i e s  d u e  t o  t h e  f r a c t i o n a l  p o w e r s  i n  t h e  
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i n t e g r a n d s  w e  c h o o s e  t h e  p a r a m e t r i c  r e p r e s e n t a t i o n s  o f  
 t o  b e  r e s p e c t i v e l y   21 and ΓΓ
    ( 3 . 2 )  .2,1k,kz,oz)kiexp(
ptkaz =Γ∈+θ=
I n  ( 3 . 2 )  t a n  k  =  l , 2  a r e  r e s p e c t i v e l y  t h e  g r a d i e n t s  o f  ,kθ
t h e  s t r a i g h t  l i n e s   a n d  1Γ 2Γ  a n d  a k ,  k  = 1 , 2  a r e  r e a l  c o n s t a n t s  
c h o s e n  s o  t h a t  c o r r e s p o n d s  t o  t h e  i n t e r v a l  1Γ 0tt 1 ≤≤    
2  and Γ  t o  t h e  i n t e r v a l  .tt0 1≤≤ I f ,  a p a r t  f r o m  f r a c t i o n a l  
power s  o f  ( z  –  z o ) ,  t h e  b a s i s  a l s o  i n v o l v e s  l o g a r i t h mi c  t e r ms  
t h e n  t h e  e f f e c t  o f  t h e  i n t e g r a n d  s i n g u l a r i t i e s  c a n  b e  s u p p r e s s e d  
b y  t a k i n g  t h e  p a r a me t r i c  r e p r e s e n t a t i o n s  o f  1Γ  and  2Γ  t o  b e  
r e s p e c t i v e l y  
     ( 3 . 3 )  .2,1k,kz,oz)kiexp(
ntkaz =Γ∈=θ=
w h e n  n  i s  a  s u f f i c i e n t l y  l a r g e  p o s i t i v e  i n t e g e r .  
I n  a l l  t h e  e x a mp l e s  w e  t a k e  t  =  0  i n  ( 1 . 5 ) .   T h u s ,  o n c e  
the  o r thonormal  se t   co r responding  to  the  bas i s  se t  ,N 1j)}z(j{ =φ
N





= ∑  
a n d  h e n c e ,  u s i n g  ( 1 . 8 ) ,  w e  o b t a i n  b y  f o r ma l  i n t e g r a t i o n  t h e  
a p p r o x i ma t i o n  f N ( z )  t o  t h e  ma p p i n g  f u n c t i o n  f ( z ) .  
For  every  s imply-connec ted  domain  cons idered ,  and  for  
e v e r y  c h o i c e  o f  b a s i s ,  t h e  n u m e r i c a l  r e s u l t s  g i v e n  c o r r e s p o n d  
t o  t h e  a p p r o x i ma t i o n  Th i s  a p p r o x i ma t i o n  i s  )z(
optN
f
opt  determined as  fol lows.   In  each case a  sequence of  approximations 
)}z(nf{  i s  c o mp u t e d  b y  t a k i n g  ,...,2minN,1minN,minNN ++=  
where   d e n o t e s  t h e  s ma l l e s t  n u mb e r  o f  b a s i s  f u n c t i o n s  u s e d .  minN
A t  e a c h  s t a g e  t h e  q u a l i t y  o f  t h e  a p p r o x i m a t i o n  f N ( z )  i s  
d e t e r mi n e d  b y  c o mp u t i n g  
   )z(Nf1)z(Ne −=  
a t  M "  b o u n d a r y  t e s t  p o i n t s "  .M,...,2,1j,z j =Ω∂∈  
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T h e  q u a n t i t y  
   )jz(Nej
maxNE =  
t h e n  g i v e s  a n  e s t i ma t e  o f  t h e  ma x i mum e r r o r  i n  t h e  mo d u l u s  o f  
.  I f  a t  t h e  ( N + l )  t h  s t a g e  t h e  i n e q u a l i t y  )z(Nf
          ( 3 . 4 )  NE1NE <+
i s  s a t i s f i e d  t h e n  t h e  n u mb e r  o f  b a s i s  f u n c t i o n s  i s  i n c r e a s e d  
by  one  and  the  approx imat ion   i s  computed .   When  fo r  a  )z(2Nf +
c e r t a i n  v a l u e  o f  N ,  d u e  t o  n u me r i c a l  i n s t a b i l i t y ,  t h e  i n e q u a l i t y  
( 3 . 4 )  n o  l o n g e r  h o l d s  w e  t e r mi n a t e  t h e  p r o c e s s  a n d  t a k e  t h i s  
va lue  of  N to  be  the  opt imum number   o f  bas i s  func t ions .  optN
For each example we l is t  the  augmented basis ,  the  boundary 
t e s t  po in t s  and  the  o rder  o f  the  Gauss ian  quadra tu re  used .  Also ,  
when  the  accura te  computa t ion  o f  the  inner  p roduc t s  r equ i res  
t h e  u s e  o f  a  s p e c i a l  p a r a me t r i c  r e p r e s e n t a t i o n  f o r  p a r t  o f  t h e  
bounda ry  ,  w e  g i v e  t h i s  r e p r e s e n t a t i o n .  Ω∂
In presenting the results we denote the BKM with monomial 
basis  {  by BKM/MB and the BKM with augmented basis  by }N1j)1j(z =−
BKM/AB.  
A l l  c o mp u t a t i o n s  w e r e  c a r r i e d  o u t ,  i n  s i n g l e  l e n g t h  
a r i t h me t i c ,  o n  a  C D C  7 6 0 0  c o mp u t e r .  
 
EXAMPLE 1 




Figure    3.1
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Augmen ted  Bas i s .  B e c a u s e  t h e  d o ma i n  h a s  f o u r f o l d  s y mme t r y  
a b o u t  t h e  o r i g i n ,  o d d  p o w e r s  o f  z  d o  n o t  a p p e a r  i n  t h e  
p o l y n o m i a l  r e p r e s e n t a t i o n  o f  t h e  k e r n e l  f u n c t i o n  K ( z ; 0 )  s e e  
B u r b e a  ( 1 9 7 0 ,  p . 8 2 4 ) .  F o r  t h i s  r e a s o n ,  w h e n  a  ≠  1  ,  w e  t a k e  t h e  
m o n o m i a l  b a s i s  s e t  t o  b e  { } .N 1j)1j(2z =−  W h e n  a  =  1  t h e  d o m a i n  
h a s  e i g h t f o l d  s y mme t r y  a n d  t h e  p o l y n o mi a l  r e p r e s e n t a t i o n  o f  K ( z ; 0 )  
i n c l u d e s  o n l y  p o w e r s  o f  z  w h i c h  a r e  m u l t i p l e s  o f  4 .   I n  t h i s  c a s e  
w e  t a k e  t h e  mo n o mi a l  b a s i s  t o  b e  { } .N 1j)1j(4z =−  
The  augmented  bas i s  i s  formed by  in t roducing  in to  the  monomia l  
b a s i s  t h e  f o u r  s i n g u l a r  f u n c t i o n s  c o r r e s p o n d i n g  r e s p e c t i v e l y  t o  t h e  
four  po les  a t  z  =  ±2a  and  z=±2i .   The  symmet ry  o f  the  domain  impl ies  
t h a t  t h e s e  f o u r  s i n g u l a r  f u n c t i o n s  c a n  b e  c o mbi n e d  i n t o  t h e  t w o  
func t i ons   and  .  A  fu r t h e r  s i mp l i f i c a t i o n  )}'a4z/(z{ 22 − )}'4z/z{ 2 +
o c c u r s  w h e n  a  =  1 .  I n  t h i s  c a s e  t h e  f o u r  s i n g u l a r  f u n c t i o n s  c a n 
be  c o mbi n e d  i n t o  t h e  s i n g l e  f unc t i on   T h u s ,  t h e  )}'.16z/(z{ 4 −


































Quadra ture . Gauss-Legendre  formula  wi th  48  poin ts  a long  each  s ide  
o f  t h e  r e c t a n g l e .  
Boundary  Tes t  Po in t s . Because  o f  the  symmet ry ,  we  on ly  cons ider  
p o i n t s  o n  A C  a n d  C E .  T h e  p o i n t s  a r e  d i s t r i b u t e d  i n  s t e p s  o f  a / 5  
and  0 .2  a long  AC and  CE  r e spec t i ve ly ,  s t a r t i ng  f rom A .  
















E  optN  optN
E  
1 9 8104.1 −×  5 11104.3 −×  
2 17 5101.2 −×  10 10101.2 −×  









a = 1 a = 2 a = 6 
POINT 
BKM/MB BKM/AB BKM/MB BKM/AB BKM/MB BKM/AB 
A 8102.1 −×  11104.3 −×  5101.2 −×  11102.7 −×  2101.4 −×  7107.1 −×  
B 8104.1 −×  12107.6 −×  5105.1 −×  11100.7 −×  2103.3 −×  6109.1 −×  
C 8102.1 −×  11104.3 −×  5101.2 −×  10101.2 −×  2101.4 −×  7102.1 −×  





Q u a d r i l a t e r a l ; F i g 3 .2  
 
 



















2/7)Ezz(9v =+=+−=  
Quadra tu re . Gauss -Legendre  fo rmula  wi th  48  po in t s  a long  each  s ide  
o f  t h e  q u a d r i l a t e r a l .  
I n  o r d e r  t o  p e r f o r m t h e  i n t e g r a t i o n  a c c u r a t e l y  w e  c h o o s e       
t h e  p a r a me t r i c  r e p r e s e n t a t i o n  o f  C E  a n d  E G  t o  b e  o f  t h e  f o r m ( 3 . 2 ) .  
































 ( 3 . 5 )  
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B o u n d a r y  T e s t  P o i n t s . T h e  d i s t r i b u t i o n  o f  t h e  p o i n t s  i s  d e f i n e d  
by  (3 .5)  wi th  t  =  0(0 .25)6 ,  
Numer ica l  Resul t s .  
For the BKM/MB, and optN .
3102.221E
−×=  
For the BKM/AB,  and optN .
7102.517E
−×=  
V a l u e s  o f  )z(optNe  a t  a  s e l e c t i o n  o f  b o u n d a r y  p o i n t s  a r e  g i v e n  




POINT BKM/MB BKM/MB 
A 3109.1 −×  7103.4 −×  
B 3107.1 −×  7106.2 −×  
C 4103.1 −×  7107.4 −×  
D 4103.2 −×  7105.1 −×  
E 3101.1 −×  7106.4 −×  
F 3102.1 −×  7100.2 −×  
G 3108.1 −×  8107.8 −×  





EXAMPLE 3  




 Figure   3.3 
 






















A98 =−==−==  
,....2,1j,j3zj13v,
3/11)Azz(13v =+=+−=  
Quadrature .  Gauss-Legendre formula with 16 points  a long  each s ide of  
t h e  p o l y g o n .  
In  order  to  per form the  in tegra t ion  accura te ly  we  choose  the  





















  (3.6) 
Boundary Test Points . On each of  the s ides  BD,DF,FG and GH the 
p o i n t s  a r e  e q u a l l y  s p a c e d ,  i n  s t e p s  o f  0 . 2 5 ,  s t a r t i n g  f r o m  a  c o r n e r .  
On  HA and  AB the  d i s t r ibu t ion  o f  the  po in t s  i s  de f ined  by  (3 .6 )  wi th  
t  = -2(0.25)2.  
N u m e r i c a l  R e s u l t s .  
For the BKM/MB, .1109.124Eand24optNo
−×==  
For the BKM/AB, .5102.226Eand26,potN
−×==  
V a l u e s  o f    a t  a  s e l e c t i o n  o f  b o u n d a r y  p o i n t s  a r e  g i v e n  |)z(e|
optN




POINT BKM/MB BKM/MB 
A 1109.1 −×  5102.2 −×  
B 1109.1 −×  5101.1 −×  
C 2108.8 −×  6102.3 −×  
D 2108.1 −×  5101.1 −×  
E 2100.2 −×  6109.7 −×  










Augmented Basis. Because the domain has fourfold symmetry about the 
o r ig in ,  the  monomia l  bas i s  se t  i s  t aken  to  be  { }N)1j(2z − 1j− .  The  































Q u a d r a t u r e .  G a u s s - L e g e n d r e  f o r m u l a  w i t h  1 6  p o i n t s  a l o n g  e a c h  
s ide  o f  the  po lygon .  
In  o rder  to  pe r fo rm the  in tegra t ion  accura te ly  we choose the  
parametric representations of LA,AB,FG and GH to be of the form (3.2).  
Thus ,  we  t ake  












a n d  s i m i l a r  r e p r e s e n t a t i o n s  f o r  F G  a n d  G H .  
Boundary Test Points. On each of the sides BD, DF, HK and KL 
t h e  p o i n t s  a r e  e q u a l l y  s p a c e d ,  i n  s t e p s  o f  1 . 0 ,  s t a r t i n g  f r o m  a  
c o r n e r .  O n L A a n d  A B  t h e  d i s t r i b u t i o n  o f  t h e  p o i n t s  i s  d e f i n e d  
b y  ( 3 . 7 )  w i t h  t  = - 1 ( 0 . 2 5 ) 1 .  O n  F G  a n d  G H  t h e  d i s t r i b u t i o n  i s  s i m i l a r  
t o  t h a t  o n  L A  a n d  A B .  
N u m e r i c a l  R e s u l t s
For the BKM/MB, .1103.127Eand27optN
−×==  
For the BKM/AB, .6107.523Eand23optN
−×==  





POINT BKM/MB BKM/MB 
A 1103.1 −×  6101.2 −×  
B 3109.4 −×  6100.5 −×  
C 3103.5 −×  6105.3 −×  
D 3104.5 −×  6107.5 −×  
E 3103.5 −×  6100.5 −×  
F 3109.4 −×  6101.5 −×  








x:y){(x, +  
 
Augmented Basis.  Because the domain has fourfold symmetry about the 
o r i g i n  t h e  mo n o mi a l  b a s i s  s e t  i s  t a k e n  t o  b e  { } .N 1j)1j(2z =−  
The  mapping  func t ion  f (z )  i s ,  in  th i s  case ,  g iven  by  an  e l l ip t i c  
s ine ;  see  e .g .  Kober  (1957 ;p .177) .   F rom th i s  we  f ind  tha t  the  
o f  f (z )  nea res t  to  the  boundary  occur  a t  ) .  −±= 2a/(2a2,ipz 1












=    (3.8) 












=   (3.9) 
w h e r e  .  T h i s  c o r r e s p o n d s  t o  a p p r o x i m a t i n g  t h e  )12a/()12a2(p~ −−=
p o l e s  a t  ± i p  b y  ± i p~ ,  w h e r e  ( 0 ,  p~ )  i s  t h e  i n v e r s e  p o i n t  o f  t h e  
o r i g i n  w i t h  r e s p e c t  t o  t h e  c i r c l e  o f  c u r v a t u r e  o f  t h e  e l l i p s e  a t  
the  po in t  (0 ,  1  ) .  
Q u a d r a t u r e . G a u s s - L e g e n d r e  f o r mu l a  w i t h  4 8  p o i n t s  a l o n g  e a c h  o f  
t h e  f o u r  s u b a r c s  d e f i n e d  r e s p e c t i v e l y  b y  





j =π+≤≤η  





0t .  






Va lue s  o f   a nd  optN )jz(optNej
maxoptN
E =  
BKM/MB 
BKM/AB 
Basis (3.8) BKM/AB Basis (3.8) a 
optN  optN
E  optN  optN
E  optN  optN
E  
2.5 13 5106.2 −×  6 11105.3 −×  12 7101.3 −×  
5.0 11 2100.1 −×  11 10103.3 −×  12 6105.2 −×  
10.0 11 2104.9 −×  11 6108.5 −×  11 6103.7 −×  
20.0 11 1108.2 −×  11 410  11 4105.5 −×  −×6.5
 
EXAMPLE 6 






















jj77 =−−== +  
....,2,1j1zj9v =+=+ ,j  
Quadra ture . Gauss-Legendre  formula  wi th  48  po in ts  a long  each  of  the  
s t ra ight  l ines  BC,EF,FB and the  arcs  CD,DE.  
In  order  to  per form the  in tegra t ion  accura te ly  we choose  the  
pa rame t r i c  r ep re sen t a t i on  o f  BC and  EF  to  be  o f  t he  fo rm  ( 3 -3 )  wi th  
n  =10 .  We a l so  t ake  t he  pa rame t r i c  r ep re sen t a t i on  o f  t he  s emi -c i r c l e  
CDE to  be  
 )t1(i)t2(t 202
1
2010 −−−      ,  CDfor;1t0 ≤≤  
   ,  })t2(1{i)t2(2{)t2( 202010 −−+−−− .DEfor;2t1 ≤≤  
Boundary  Tes t  Poin ts .  On each  of  the  s t ra ight  l ines  FB,  BC,  FE the  
po in t s  a r e  equa l ly  spaced ,  i n  s t eps  o f  0 .25 ,  s t a r t i ng  f rom a  co rne r .  





⎛ ππ−==  
Numer ica l  Resul t s  
.4105.5Eand20optN 20
−For  the  BKM/MB, ×==  
For  the  BKM/AB,  6105.1Eand26optN 26
−×== .  
Values  of    a t  a  se lec t ion  of  boundary  poin ts  a re  g iven  |)z(
optN
e|




POINT BKM/MB BKM/MB 
A 4109.1 −×  7102.4 −×  
B 4105.5 −×  7107.6 −×  
C 4109.1 −×  6105.1 −×  






 C i r c u l a r  s e c t o r  o f  r a d i u s  1  a n d  a n g l e  3Π / 2 ;  F i g .  3 . 6  
 
 





















Q u a d r a t u r e . G a u s s - L e g e n d r e  f o r mu l a  w i t h  4 8  p o i n t s  a l o n g  e a c h  o f  
the  s t ra ight  l ines  AB,  AD and the  a rcs  BC,  CD.  
In  order  to  per form the  in tegra t ion  accura te ly  the  paramet r ic  




B o u n d a r y  T e s t  P o i n t s .  O n  e a c h  o f  A B  a n d  A D  t h e  p o i n t s  a r e  
e q u a l l y  s p a c e d ,  i n  s t e p s  o f  0 . 2 5 ,  s t a r t i n g  f r o m  a  c o r n e r .  O n  t h e  







⎛ π=  
Numer ica l  Resul t s .  
For  the  BKM/MB,  Nopt=21 and  E21= |e21(zA) |=1 .7×10
-1
.  




In  tab le  3 .7  we  g ive  the  rea l  and  imaginary  par t s  o f  the  approxi -
mat ion  f 2 1 (z )  ob ta ined  by  the  BKM/AM at  a  se lec t ion  of  boundary  and  
in te r ior  po in ts .  We compare  these  resu l t s  wi th  the i r  ana ly t ic  
















































































The  resu l t s  o f  sec t ion  3  ind ica te  c lear ly  tha t  in  apply ing  the  
BKM the choice of basis is of paramount importance.  For the successful 
application of the method the basis set must contain terms which reflect 
the  main  s ingular  behaviour  of  the  kerne l  func t ion .  Provided  tha t such  
a basis can be constructed the BKM is  an extremely accurate  method for 
the numerical conformal mapping of simply-connected domains. 
For the rectangles and ellipses of examples 1 and 5 a direct 
comparison can be made between the BKM results and those obtained by 
other  methods of numerical conformal mapping. For these domains the 
BKM/AM results are several orders of magnitude more accurate than those 
obtained by Rabinowitz(1966), using the Szegö kernel function method 
with orthonormal polynomials,  and by Symm (1966), using an integral 
equation method. Also, for these domains, the BKM/AM approximations  
are as good as, or better than, those obtained by Hayes, Kahaner and 
Kellner (1972), who modified Symm's method in order to improve its 
accuracy. 
The above three papers do not contain results obtained from the 
mapping of  domains with sharp corners ,  l ike  the domains of  examples  3 ,  
4  and  7 .   However ,  an  ind ica t ion  of  the  poor  per formance  of  the  
integral  equat ion methods for  numerical  conformal  mapping,  in  the 
n e i g h b o u r h o o d  o f  a  r e - e n t r a n t  c o r n e r ,  i s  g i v e n  b y  t h e  r e s u l t s  o f  
Symm (1974;p.273). For the L - shaped region of example 3, Symm's 
method yields an approximation )z(f~  which at the re—entrant corner A 
has modulus .959.0|)Az(f
~| =  Although the accuracy of )z(f~  improves 
considerably away from the corner, at a boundary point distant 
4
1  AB 
f r o m A  t h e  e r r o r  i n  t h e  mo d u l u s  i s  s t i l l  .  By  3105|)Az(e|
−×=
con t ras t  the  BKM,  wi th  an  appropr ia te  augmented  bas i s ,  overcomes  
the  d i f f i cu l t i e s  a ssoc ia ted  wi th  sharp  corners  and  p roduces  accura te  
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